Abstract. A new result on existence of nonzero positive solutions of systems of second order elliptic boundary value problems is obtained under some sublinear conditions involving the principle eigenvalues of the corresponding linear systems. Results on eigenvalue problems of such elliptic systems are derived and generalize some previous results on the eigenvalue problems of systems of Laplacian elliptic equations. Applications of our results are given to two such systems with specific nonlinearities.
Introduction
We consider existence of nonzero positive solutions of systems of second order elliptic equations ( 
1.1)
Lz i (x) = f i (x, z(x)) on Ω, i ∈ I n := {1, · · · , n} subject to boundary conditions involving first order boundary operators, where L is a strongly uniformly elliptic differential operator and Ω is a suitable bounded open set in R m . We seek solutions of (1.1) in C(Ω; R n + ) \ {0}. When n = 1 and f 1 satisfies suitable monotonicity conditions, (1.1) was studied, for example by Amann in [1, 2] .
A special case of (1.1) with the Dirichlet boundary condition is the system of semilinear elliptic equations of the form (1.2) − z i (x) = λf i (z(x)) on Ω, i ∈ I n , z i (x) = 0 on ∂Ω.
An open question proposed by Lions in [8] is whether (1.2) with λ = 1 has a nonzero positive solution under sublinear or superlinear conditions which involve the principal eigenvalues of the corresponding linear systems (see [8, 
question (c) in section 4.2]).
There have been some results on the above question under the sublinear cases. Hai and Wang [7] prove that (1.2) has a nonzero positive solution in C(Ω; R n ) for each λ ∈ (0, ∞) under the following sublinear condition:
where p-Laplacian systems are considered and |z| 1 = n i=1 |z i | (see [7, Theorem 1.2]). We refer to [4, 5, 6, 10] for the existence and uniqueness of elliptic systems related to (1.2) under other sublinear conditions.
In this paper, using the theory of fixed point index for compact maps defined on cones in Banach spaces [1] , we prove that (1.1) has a nonzero positive solution in C(Ω; R n ) under a sublinear condition which contains, as a special case, the following conditions:
where μ 1 is the largest characteristic value of the linear system corresponding to (1.1) and |z| = max{|z i | : i ∈ I n }. Hence, our result improves the results in [7] . As illustrations, we apply our result to (1.1) with some specific nonlinearities.
Nonzero positive solutions of systems of second order elliptic boundary value problems
We study existence of nonzero positive solutions of systems of second order elliptic boundary value problems of the form
subject to the following boundary condition: 
for x ∈ Ω and k, j ∈ I m , and there exists μ 0 > 0 such that
If m = 1, the first order boundary operator B is
where v is an outward pointing, nowhere tangent vector field on ∂Ω of C 1+μ , ∂u/∂v denotes the directional derivative of u with respective to v, and δ and b satisfy one of the following conditions: (i) δ = 0 and b ≡ 1 (Dirichlet boundary operator);
Lemma 2.1 ([1]). For every v ∈ Cμ(Ω), the linear boundary value problem
For every v ∈ Cμ(Ω), we denote by T * v the unique solution of (2.6). It is known that
is a bounded and surjective linear operator and has a unique extension, denoted by T , to C(Ω). We write
It is known that e is an interior point of the positive cone P 1 in C(Ω), where
The following result gives the properties of T which are contained in [ 
Lemma 2.2. T : C(Ω)
By Lemma 2.2 and the well-known Krein-Rutman theorem (see [1, Theorem 3.1] or [9] ), it is easy to see that μ 1 ∈ (0, ∞) and there exists ϕ 1 ∈ P 1 \ {0} such that (2.8)
where μ 1 = 1/r(T ) and r(T ) is the spectral radius of T . We use the following maximum norm in R n :
We denote by C(Ω; R n ) the Banach space of continuous functions from Ω into R n with norm z = max{ z i : i ∈ I n }, where
We use the standard positive cone in C(Ω; R n ) defined by (2.10)
and a Nemytskii operator F : P → P by (2.12) (F z)(x) = (f 1 (x, z(x)), · · · , f n (x, z(x))).
K. Q. LAN
It is easy to verify that (2.1) is equivalent to the following fixed point equation:
Recall that a solution z ∈ C(Ω; R n ) of (2.1) is said to be a nonzero positive solution if z ∈ P \{0}; that is, z ∈ C(Ω; R n ) and z(x) = (z 1 (x), · · · , z n (x)) satisfies z i (x) ≥ 0 for x ∈ Ω and i ∈ I n and there exists k ∈ I n such that z k (x) ≡ 0 on Ω.
Let ρ > 0 and let P ρ = {x ∈ P : x < ρ}, P ρ = {x ∈ P : x ≤ ρ} and ∂P ρ = {x ∈ P : x = ρ}.
We need some results from the theory of the fixed point index for compact maps defined on cones in a Banach space X (see [1] (1) If there exists x 0 ∈ P \ {0} such that z = Az + νx 0 for z ∈ ∂P ρ and ν ≥ 0,
Now, we are in a position to give our main result. 
Theorem 2.1. Let μ 1 be the same as in (2.8). Assume that the following conditions hold:
((f i 0 ) 0 ) ρ 0 There exist i 0 ∈ I n , ε > 0 and ρ 0 > 0 such that f i 0 (x, z) ≥ (μ 1 + ε)z i
Proof. By Lemma 2.2, L : C(Ω;
is compact and satisfies L(P ) ⊂ P . This, together with the continuity of f i , implies that A : P → P is compact. Without loss of generalization, we assume that z = Az for z ∈ ∂P ρ 0 . Let ϕ = (ϕ 1 , · · · , ϕ 1 ), where ϕ 1 is the same as in (2.8). We prove that (2.14) z = Az + νϕ for all z ∈ ∂P ρ 0 and ν ≥ 0.
In fact, if not, there exist z ∈ ∂P ρ 0 and ν > 0 such that z = Az + νϕ. Then (2.15)
It follows that
Then 0 < ν ≤ τ < ∞ and z i 0 (x) ≥ τ ϕ 1 (x) for all x ∈ Ω. This, together with (2.15), ((f i 0 ) 0 ) ρ 0 and (2.8), implies that for all x ∈ Ω,
Hence, we have τ ≥ (μ 1 + ε)τ /μ 1 > τ, a contradiction. It follows from (2.14) and Lemma 2.3 (1) that i P (A, P ρ 0 ) = 0. For each i ∈ I n , by the continuity of f i , there exists b i > 0 such that
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This, together with (f
−1 exists and is bounded and satisfies (I − (μ 1 − ε)T )
Indeed, if not, there exist z ∈ ∂P ρ and ∈ (0, 1] such that z = Az. By (2.16), we have for each i ∈ I n ,
where |z|(x) = max{|z i (x)| : i ∈ I n }. Taking the maximum in the above inequality implies that
a contradiction. By (2.17) and Lemma 2.3 (2), i P (A, P ρ ) = 1. By Lemma 2.3 (3), (2.1) has a solution in P ρ \ P ρ 0 .
Notation. Let
As a special case of Theorem 2.1, we obtain the following result. As an application of Corollary 2.1, we consider the following eigenvalue problem:
Corollary 2.1. Assume that the following conditions hold:
(i) There exists i 0 ∈ I n such that (f i 0 ) 0 > μ 1 . (ii) (f i ) ∞ < μ 1 for all i ∈ I n . Then(2.18) Lz i (x) = λf i (x, z(x)) on Ω, i ∈ I n , subject to (2.2).
Corollary 2.2. Assume there exists
where
the result follows from Corollary 2.1.
Corollary 2.2 generalizes Theorem 1.2 with p = 2 in [7] , where
|z i | is used and (1.2) is considered. As an illustration, we consider the existence of positive solutions of the following system:
Theorem 2.2. Assume that the following conditions hold:
→ R + is continuous and satisfies
Then equations (2.19) and (2.2) have a nonzero positive solution in P.
Proof. For each i ∈ I n , we define a function 
